We study the dual gravity description of supersymmetric Wilson loops whose expectation value is unity. They are described by calibrated surfaces that end on the boundary of anti de-Sitter space and are pseudo-holomorphic with respect to an almost complex structure on an eight-dimensional slice of AdS 5 × S 5 . The regularized area of these surfaces vanishes, in agreement with field theory non-renormalization theorems for the corresponding operators. *
Introduction
At N → ∞ and λ = g 2 N ≫ 1, the expectation value of a special class of Wilson loops in N = 4 super Yang-Mills can be computed using AdS/CFT duality [1, 2, 3] . These Wilson loops are sometimes referred to as "locally BPS," and they are naturally identified with a loop at the boundary of AdS 5 × S 5 . Their expectation value is computed by evaluating the semiclassical partition function for a string with boundary on this loop. At leading order we have to find the minimal area of the worldsheet with these boundary conditions.
There are conjectured all-order results for a subset of the locally BPS Wilson loops.
These include certain circular Wilson loops which are invariant under a combination of Poincaré and conformal supersymmetries [4] (see also [5] ). The latter are related by an singular conformal transformation (inversion) to an infinitely extended straight Wilson line which is invariant under 1/2 of the global Poincaré supersymmetries. The latter is not renormalized, meaning it has expectation value 1.
In [6] an interesting class of supersymmetric Wilson loops was introduced. These are loops where the direction on the S 5 at each point along the loops varies according to the direction in R 4 of the tangent vectorẋ µ |ẋ µ |
. There it was also conjectured that the Wilson loops which are invariant with respect to 1/4 of the Poincaré supersymmetries are also not renormalized, at least in the large N limit. This proposal was based on a comparison of λ ≪ 1 perturbative results with λ ≫ 1 results obtained using AdS/CFT duality. The latter were obtained for the specific case of circular and infinitely extended rectangular Wilson loops, in which case the minimal surfaces are known. Using field theoretic arguments, this non-renormalization theorem was proven in [8, 9] and extended to the case of 1/8 supersymmetric Wilson loops as well as finite N. We will extend these arguments for all SUSY loops by arguing that the Wilson loops are BRST trivial operators in a topologically twisted theory.
The non-renormalization of supersymmetric Wilson loops implies that the associated minimal surfaces in AdS 5 × S 5 have zero regularized area. More precisely, the area of the minimal surface must be equal to a divergent term proportional to the perimeter of the Wilson loop, with no additional finite parts. This has only been explicitly shown for the circular and infinitely extended rectangular loops. The purpose of this article is to study the more general case.
We will demonstrate the existence of a calibration two-form J mn dx m ∧ dx n , for which the associated minimal surfaces have boundary behavior corresponding to supersymmetric
Wilson loops. Furthermore, the area of these surfaces, A = J, is exactly equal to the divergent term proportional to the perimeter of the Wilson loop. These surfaces are pseudo-holomorphic curves with respect to an almost complex structure given by J m n . Complex surfaces in AdS were also studied in connection with baryons and various other objects, see [26] and references therein.
The organization of this article is as follows. In section 2, we review some basic features of BPS Wilson loops. In section 3, we review the computation of Wilson loop expectation values in N = 4 SYM using minimal surfaces in AdS 5 ×S 5 . In section 4, we find a calibration two-form for which the associated minimal surfaces are pseudo-holomorphic curves
and have boundary behavior corresponding to supersymmetric Wilson loops. In section 5,
we discuss the existence and multiplicity of solutions for fixed boundary conditions. In section 6 we show the surfaces preserve some supersymmetries. In section 7 we consider a worldsheet solution which arises when we have coincident circular Wilson loops, as well as certain other solutions with a U(1) isometry.
BPS Wilson loops
It is natural to consider Wilson loops in N = 4 gauge theory which involve the adjoint scalars φ a as well as the gauge fields. The Wilson loop which is usually considered has (in Euclidean space) the form
where a = 1 · · · 6 and ζ a (s) is a path in an auxiliary space which, unlike x µ (s), is not necessarily closed. A special class of loops satisfying |ζ| = |ẋ| can be identified with loops at the boundary of AdS 5 × S 5 . The latter can be written as
2) whereθ aθa = 1, and the path at the boundary of AdS 5 ×S 5 is given by x µ (s),θ a (s). These
Wilson loops are sometimes referred to as "locally BPS" because at each point s along the loop they are invariant under certain s-dependent supersymmetry transformations ǫ(s)
where γ µ , γ a are ten-dimensional gamma matrices. Solutions to this equation exist because γ µẋµ (s) + iγ aθa (s)|ẋ| is nilpotent. We will be interested in Wilson loops that preserve a Poincaré supersymmetry. This will happen only if there is a common solution ǫ(s) = ǫ, independent of s. Then the Poincaré supersymmetry associated with ǫ will be preserved.
A simple way to ensure this condition is to set
Pairing values of a with µ through δ µ a as in (2.4) clearly involves some arbitrariness: an SO(4) × SO(6) transformation may be applied to obtain variants of (2.4) with identical properties. Solutions to (2.3) with constant ǫ(s) = ǫ were enumerated in [6] . The number of unbroken supersymmetries depends on the dimension of the plane in which the path A a + iφ a . We can similarly consider twisted, or partially twisted, theories where the spin connection along n of the world-volume directions is embedded into the SO(n) rotating n of the transverse directions. Such twistings arise, for example, when we consider a special lagrangian n-cycle embedded in an n-complex dimensional Calabi Yau space [13] . The
Wilson loop operators we are considering preserve the same supersymmetry; thus they are candidate operators of the topological theory. More precisely, the BRST operator Q 
is precisely of the form (2.2) satisfying the supersymmetry condition (2.4). The fact that these Wilson loops can be written as bottom components of chiral superfields was used in [8] to show that they have expectation value 1. We will see below how this result is obtained in the dual AdS description.
Minimal surfaces in AdS
The expectation value of locally BPS Wilson loops is computed in AdS by evaluating the partition function for a string with boundary conditions determined by x µ (s),θ a (s). The
The boundary of AdS is Z = 0 but, for purposes of regularization, we will set it at Z = ǫ.
The boundary conditions for the worldsheet associated to locally BPS Wilson loops are
To leading order in the 1/ √ λ (or α ′ ) expansion, the Wilson loop vacuum expectation value is given by the semiclassical disc partition function:
The quantity A reg is found by minimizing a certain Legendre transform of the area (see [3] ) which, for the boundary conditions associated to locally BPS Wilson loops, is equivalent to a regularization of the area of the minimal surface. For these boundary conditions, the minimal area has the form
where A reg is finite as ǫ → 0. The minimal surface is not necessarily unique and the prefactor V in (3.8) is a power of 1/ √ λ which depends on the number of collective coordinates (see [6] ).
For a non-renormalized Wilson loop we expect W = V exp(−A reg ) = 1. It has been shown [6] that A reg = 0 for the minimal surface associated to the circular supersymmetric
Wilson loop, with 10) as well as the infinitely extended rectangular Wilson loop. The number of collective coordinates in these cases turns out to be three [6] , such that V = 1. Non-renormalization in the rectangular case corresponds to the no-force condition between BPS objects with the same charges. We wish to compute the area of the minimal surface for more general boundary shapes satisfying the supersymmetry conditions (3.7). For non-renormalized supersymmetric Wilson loops, one expects
Finding the minimal surfaces for a generic boundary shape is a difficult problem. However the problem simplifies for calibrated surfaces. We shall show below that a calibration twoform J exists for which smooth calibrated surfaces satisfy the supersymmetric boundary conditions (3.7). The area of these surfaces is precisely (3.11). Furthermore J m n is an almost complex structure with respect to which the calibrated surfaces are pseudoholomorphic.
4 Pseudo-holomorphic curves in AdS 5 × S
5
It is convenient to work with coordinates
, in terms of which the AdS 5 × S 5 geometry is
For the closed two form 13) one finds that
Thus J A B is an almost complex structure 1 on surfaces of constant U i .
There are two-dimensional minimal surfaces in AdS 5 ×S 5 which are pseudo-holomorphic with respect to the almost complex structure J A B , and calibrated with respect to the twoform J. To see this, consider the positive quantity
where κ = ±1, g αβ is an arbitrary positive definite metric on the worldsheet Σ and  α β is the complex structure on Σ, namely  αβ = ǫ αβ / √ g where ǫ 12 = −ǫ 21 = 1. Expanding things out gives
We have used g αβ  α γ  β δ = g γδ . We also used 
Since dJ = 0 and J obeys (4.14), these equations are consistent, after using the equations of motion for the surface. Writing
For a curve which behaves smoothly at the Z = ǫ → 0 boundary, equation ( 
Thus, the finite part of the area vanishes.
Let's check that the minimal surface for the circular supersymmetric Wilson loop found by Zarembo [6] , is a pseudo-holomorphic curve. This surface is a map of the disk of radius
It is convenient to parametrize the disk with (z, ϕ), where
and r ∈ (0, ρ) is the usual radial variable for the disk. Then the map to AdS 5 × S 5 is of the following form:
To check that indeed v α M = 0, it helps to make the following observations:
It can also be checked that the area element on Σ is precisely the pull-back of J:
as expected since J calibrates the surface.
More general cases
If we consider a Dp-brane, we have a p + 1-dimensional worldvolume and we can consider a Wilson surface lying in an n-dimensional subspace, n ≤ p + 1. We can then select an n-dimensional subspace of the transverse space and form the almost complex structure as above, from the exact two form J = dX m ∧ dY m . We can then consider supersymmetric Wilson loops living in the n-dimensional subspace and their corresponding pseudo-holomorphic surfaces in the gravity dual. In addition, we can consider the Dp-brane theories in the Coulomb branch, whose associated supergravity solutions are characterized by the harmonic functions
Then the BPS condition for the surface becomes
where we have split the transverse coordinates into Y m and U i .
We can also consider these twisted theories on a general four manifolds. The Wilson loop operators are operators in these theories. In principle we could find the gravity dual of these field theories. Some simple example of topologically twisted theories were considered in [28, 27] . Although we have not made any explicit checks, we expect that these geometries will also have an almost complex structure, so that there are pseudoholomorphic surfaces corresponding to the BPS Wilson loops.
Another interesting case to consider is that of topological strings, for a review see [25] .
For example, in the topological A model one specifies a symplectic form J and, by picking a metric, one can consider pseudo-holomorphic maps with respect to J The resolved conifold has a non-trivial S 2 and there are surfaces that wrap this S 2 . In this case the S 2 can be wrapped in two ways (see [16] ) and the genus zero answer is
where t is a parameter measuring the (complex) volume of S 2 . The two powers in (4.28)
arise from a surface that does not wrap the S 2 and from a surface that wraps it once. In appendix B, this is discussed in more detail. We see that in this case, where we have a non-trivial 2 cycle in the geometry, we can have a more complicated answer. In contrast with AdS 5 × S 5 , J is not exact for the resolved conifold.
Existence and counting of solutions
Thus far we have shown that pseudo-holomorphic curves with smooth behavior at the boundary of AdS 5 × S 5 are minimal surfaces corresponding to supersymmetric Wilson loops and have vanishing regularized area. We will now consider the converse question of whether a pseudo-holomorphic curve exists for any supersymmetric boundary condition, and whether there is a non-trivial moduli space of solutions.
The pseudo-holomorphicity equation (4.18) implies
It is again convenient to work with coordinates Z andθ
. In these coordinates, (5.29) becomes 
We would like to show that given any contour, X µ (τ ), there exists a solution to (5.32) which matches onto it asymptotically. We have not been able to do this, but let us give a plausibility argument for the existence of such a solution. Given the contour, we can certainly findθ
, where ds = |d τ X µ | is the proper length element along the contour. Now we imagine an ansatz where the worldsheet, in conformal gauge, has the topology of the disk, parametrized in terms of r and ϕ, where ϕ is the angular variable.
We suppose that ϕ = ϕ(τ ). In terms of the unknown function ϕ(τ ) we can write the boundary conditions forθ A on the boundary of the disk. It is clear that, given the sigma model equations, we will find a solution to these equations with these boundary values andθ 5 ≥ 0. We then we set Z = cθ 5 . At this point we can write down the equation for ϕ(τ ):
This is appears to be a very complicated equation for ϕ(τ ). But it is one functional equation for one function, so we expect that it should have a solution. We have explicitly checked that for arbitrary small deformations of the circular contour in R 2 , the solution exists to first order.
In the case that the contour is in R 2 , and the boundary conditions forθ 1,2 wind once around a great circle on S 5 , then we can compute a formula for the value of the constant c that relatesθ 5 and Z. In this case the worldsheet will cover the upper hemisphere of S 2 .
We can consider the SO(3) currents J ij =θ i dθ j −θ j dθ i , where i and j run over 1, 2, 5.
Using Z = cθ 5 , we rewrite (4.20) as
Let us now consider the expression for the area 5 enclosed by the contour:
where we defined J 5± = J 51 ±iJ 52 . With the standard parametrization of S 2 asθ 5 = cos β andθ 1 + iθ 2 = e iα sin β, we find that
where we used that the worldsheet wraps half of the sphere. This implies that
Note that the functional dependence in this relation is determined by conformal symmetry.
On the other hand, it is interesting that the numerical coefficient is independent of the shape of the contour. solutions. In light of (5.33), the counting of solutions is related to the counting problem for harmonic maps of a disc to S n with Dirichlet boundary conditions. This is a difficult problem, for which only partial results are known [20, 21, 22] .
Note that the non-renormalization theorem in [8] implies that the expectation value of the Wilson loop is exactly one, so all α ′ (or 1/ √ λ) corrections should vanish. Moreover, the leading term in the loop expansion (3.8) should not give any dependence on √ λ,
suggesting [6] that the number of zero modes should be three. We have not understood the resolution of this apparent discrepancy between field theory and string theory calculations.
It is possible that we have under-counted the number of collective coordinates in the cases with less than 1/4 supersymmetry.
Supersymmetry preserved by the surface
In this section we show that a surface obeying (4.19) preserves some supersymmetry.
Let us first consider a string worldsheet in flat space extended along directions1 and2.
This worlsheet will preserve supersymmetries that obey
ǫ L,R are the two spinors of type II string theory. Now consider a worldsheet embedded in a more general spacetime. Then, at each point on the surface, we have a condition which is the same as the one we had in flat space. We can write this as
where the ± is correlated with L, R.
The AdS Poincaré supersymmetries are generated by spinors of the form 
These conditions imply that
which is the condition that the spinor is annihilated by the twisted spin connection. So the spinor we are considering is the one related to the BRST operator of the twisted theory. 6 We can now show that
where we used that pseudo-holomorphic surfaces are defined by the condition that v M α = 0, see (4.15) .
Notice that if we define ǫ R through (6.42) we then get that ǫ R 0 obeys Γ M N ǫ R 0 = −iJ M N ǫ R 0 . This extra minus sign cancels the extra sign in (6.40), so that we end up with the same combination v M α which appeared in (6.47), which vanishes for a pseudoholomorphic surface.
7 Pseudo-holomorphic surfaces with a U (1) isometry
As we have discussed in section 5, a pseudo-holomorphic surface in AdS 5 × S 5 should exist with any given supersymmetric Wilson loop specifying its boundary data. However, to find explicit examples, it is easier to start with a surface and extract the Wilson loop.
More precisely, one may start with a solution to the equations (see (5.33))
withθ 5 > 0 somewhere, and work backwards to the surface and the Wilson loop. We will employ coordinates (t, ϕ) which are assumed to lead to a metric in conformal gauge, so that (7.48) applies as written. The procedure we will follow in order to obtain a Wilson loop is:
1. Choose a solution to (7.48).
2. Choose a maximal connected region R in the space of coordinates (t, ϕ) on whicĥ 4. Use the pseudo-holomorphicity equations to determine X µ .
As remarked previously, (7.48) are the equations of motion of an S 4 non-linear sigma model with action
It is clearly difficult to characterize all the classical solutions in this theory. In the following sections, we will address two special cases which include the circular Wilson loop of [6] .
The simplifying feature in both cases is an abelian isometry which allows us to reduce the problem to classical dynamics of one or two degrees of freedom. The Wilson loops in question are special cases of a general class studied in [23] , and we will make use of some of the analytical methods developed there. We also explain in section 7.2 a connection between the Wilson loop problem and Poincaré's stroboscopic map.
The first ansatz
The first approach we will explore is to restrict tô
(7.51)
The simplest case to consider is where there is no "angular momentum" in the α, β directions. This means that θ(t) = sin η(t)n for a fixed vector unit vectorn. Without loss of generality we setn = (0, 0, 1). In terms of the variable 2η is is clear that we have the equation of motion for a simple pendulum. Once we have a general solution we can straightforwardly obtain
where we have set c = 1. Now,η may be expressed in terms of the total energy:
Putting (7.52) and (7.53) together, we have a fully explicit parametrization of a surface. We should distinguish three cases depending on whether the energy of the simple pendulum is equal, greater than, or less than than the maximum potential energy. includes further discussion of these correlators.
3. ǫ < 1. Again restricting to η = 0, the curve (7.52) is the real space description of the boundary. But as before, the topology of the surface in AdS 5 × S 5 is an annulus.
A curve with ϕ = π/2 starts at η = 0, goes to η = η max < If ǫ is adjusted continuously to 1, the result is two coincident but unconnected circular Wilson loops. In the limit of small energy, the projection of the shape onto AdS 5 is similar to two copies of the shape for a non-BPS circular Wilson loop [3] .
A qualitatively different situation arises when there is angular momentum in the directions parameterized by α and β in (7.51). By performing a rigid SO(3) rotation on θ if necessary, it is possible to choose α(t) ≡ π/2: this is essentially the statement that central force motion occurs in a plane that includes the origin. Conservation of the angular momentum p β = ∂L ∂β = sin 2 ηβ (7.54) and the total energy E appearing in (7.51) makes it possible to extract the solution in integral form: assumingη = 0,
The integral can be performed in terms of elliptic functions. To focus the discussion, we restrict ourselves further to the simplest case where η(t) = η 0 , a constant. In order to have V ′ eff (η) = 0, we must either set η 0 = π/2 or, for 0 < p β < 1, choose sin 2 η 0 = p β . The latter choice is the one that we will treat here. Then one straightforwardly obtains
The topology is a strip with boundaries at ϕ = ±π/2 ending on the helices
A double-helix Wilson loop also appears in [23] .
The second ansatz
Now let us consider another obvious ansatz involving an abelian isometry:
ρ 1 (t) = cos η(t) cos ξ(t) ρ 2 (t) = cos η(t) sin ξ(t) ρ 3 (t) = sin η(t) ,
where b is an arbitrary real number greater than 1. Unless b is rational, ϕ is not a periodic coordinate. Nevertheless, correct equations of motion can be extracted from a reduced action,
This system is integrable [23, 24] , with conserved quantities I 1 , I 2 , and I 3 defined by
and subject to I 1 + I 2 + I 3 = 1. The total energy may be expressed as
Because of these two linear relations, the two independent conserved quantities can be chosen as I 1 , I 2 , or as H, I 3 .
To integrate the system explicitly, it is helpful to use elliptical coordinates ζ 1 , ζ 2 , defined equivalently as the solutions of
and subject to the inequalities
It is straightforward to show thaṫ 
The orbits of ζ 1 , ζ 2 satisfy the integral equations
The explicit results (7.65) and (7.67) are not necessary to understand the qualitative features of supersymmetric Wilson loops associated with the ansatz (7.59). Consider a solution η(t), ξ(t) of the equations of motion following from (7.60), with η(t) > 0 on some finite or semi-finite interval. Following the procedure outlined at the beginning of section 7, one obtains the following surface in AdS 5 × S 5 :
The real space part of the Wilson loop is
where now all quantities are evaluated at the time(s) when η = 0.
It is worth noting an analogy with Poincaré's stroboscopic map. In Poincaré's setup, one starts with a system with two degrees of freedom (such as η and ξ), selects one as the "timing" variable (η, let's say), and then considers a map from the surface in phase space (the stroboscopic plane) defined by η = 0,η > 0, and H = E, where E is constant.
The stroboscopic map is a volume-preserving bijection of the stroboscopic plane to itself defined by starting the system at a point on the stroboscopic plane, then evolving the system forward in time until it again meets the stroboscopic plane.
In the Wilson loop setup, η = 0 is privileged once we choose Z = cθ 5 . (But, as we remarked above, other choices can be made through SO(5) rotations.) Energy conservation is also part of the Wilson loop setup. But instead of a single stroboscopic plane, we should now consider two disjoint planes: P + defined byη > 0 and P − defined byη < 0 (with η = 0 and H = E in both cases). There is then a natural map from P + to P − defined by taking a point on P + and evolving the system forward until it meets P − . This is "half" of the stroboscopic map: to complete it one would evolve forward from P − back to P + . A point on P + corresponds to one boundary of a Wilson loop correlator: (7.69) withη > 0. Such a curve can be fully specified by the data that selects a point on P + :
one can for example choose ξ,ξ, and the total energy E and solve forη > 0. Likewise a point on P − corresponds to a Wilson loop of the form (7.69) withη < 0.
The evolution of the dynamical system from P + to P − traces out the string worldsheet varies from 0 to ζ a . This latter solution corresponds to the physical pendulum η(t) with ξ = π/2 and energy specified by ζ a .
Coincident boundaries
A new feature of the annulus solutions discussed in section 7.1 and in the last paragraph of section 7.2 is that two boundaries are coincident but with opposite orientations. To simplify the discussion of this situation, let us first suppose that we have a straight Wilson loop and we now place an oppositely oriented Wilson line on top of the first, see figure 2(a).
(This situation is in fact the E → ∞ limit of the annular solution discussed in section 7.1).
The second Wilson line has the opposite orientation, but it also has the opposite scalar charge, so it preserves the same supersymmetry. In this case, the corresponding surface in AdS has some zero modes. In other words, there is a family of surfaces that obey the boundary conditions. Let us assume that the Wilson lines are along X 1 on the D3-brane worldvolume. So we can consider any surface that is extended along X 1 and Y 1 and sits at any point in Y 2 , · · · , Y 6 . Thus the space of zero modes is non-compact. We see that such surfaces obey the equations (4.19), for a suitable choice of worldsheet coordinates.
One way to understand the presence of these zero modes is to think of the strings ending on a D3 brane. We have a configuration with a string ending on the brane and one moving out of the D3-brane, figure 2(b). These two strings can be joined and moved out of the 
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We wish to thank A. Kapustin, E. Witten and K. Zarembo for useful discussions. Z. G. Then the supersymmetry Q associated to ǫ acts on the fields as In order to go to the four-dimensional N = 4 super Yang Mills case, all we need to do is to dimensionally reduce by taking the four-dimensional spacetime to be spanned by the real part of the first four z i coordinates. We will then consider contours with z 5 = 0.
The holomorphicity condition d τ zī = 0 translates into the condition (2.4) relating the tangent vector to a point on S 4 ⊂ S 5 . The complex one-form in ten dimensions becomes A i = A i + iΦ i , in terms of the four-dimensional gauge field and scalar.
Notice that this argument is very formal. In fact, it fails in the case of the topological string since in that case the circular Wilson loop has a nontrivial expectation value. We think that in four dimensions the result should hold. In fact, we can continuously deform the 1/16 BPS contour into the 1/4 BPS circular Wilson loop and then use the arguments in [8, 9] .
B Wilson loops in the topological string
In this section we examine the question of the Wilson loop in the topological string context.
We study the simplest case which arises when we consider branes on the deformed conifold and follow the large N duality to the resolved conifold [18, 16, 17] Let us start with the deformed conifold
where we have set X = w 1 + iw 2 , Y = w 1 − iw 2 , U = w 3 + iw 4 , V = −w 3 + iw 4 . We have an S 3 when all w i are real. We can put three-dimensional branes on this S 3 . We can now consider a string worldsheet that lies along the complex surface U = V = 0.
Such a surface obeys the complex equation XY = ǫ. This is a noncompact surface which intersects the S 3 at |Y | = |ǫ|. We can consider the part of the original surface that lies along |Y | ≥ |ǫ|. This is now a worldsheet that ends on an S where (λ 1 , λ 2 ) ∈ P 1 . There is nonzero solution only if XY − UV = 0 and when X = Y = U = V = 0 we have an additional solution. We are interested in the surface that is at U = V = X = 0 and Y non-zero. This implies that λ 2 = 0, so we are at a point on the P 1 as long as Y = 0. This complex surface goes all the way to the origin. At this point it can wrap or not wrap the P 1 = S 2 at the origin. So we see that we have at least two choices. 8 One can see this very explicitly by looking at the metric for the resolved 8 In principle we can have multiple wrappings, but the exact answer shows that they do not contribute.
conifold [15] . In a patch where λ 1 = 0, we can choose complex coordinates U, Y, λ = Thus we see that after subtracting an a independent constant the regularized area is
If we now consider the surface that in addition wraps the S 2 , we get Area reg = 2πa 2 .
These two possibilities give rise to the two terms in (4.28).
